BULLE 
. OF TRE 


OALQUTTA 


A 
S ; 


"NL 
ATHEMATICAL SOCIETY 


Von. XXIII, No. 8 


1931 


ished Quarterly in March, June, September and December} 


CALCUTTA UNIVERSIGY PP 
193] 


PriematicaL Soc 


FRS AND COUNCIL FOR 1981 


President 
PP nor. Gankso Prasan, M.A., D.S0, 


° Vice-Presidents 


Pror. SyaMADAS MOooKERJER, M.A., Pa.D. 
Dz, S. C. Bacour, LL.D., Baz.-at-Law. 
Pror. NikguitLRANJAN San, D.So,, Pa.D. 


Treasurer 


Mz. HaRrPRASANNA BaNRmEE, M.Sc. 


Secretary 
Da. Nereenpeanata SEN, D.Sc. 


Council 
De. BIBHUTIBHUSHAN Darra, D.Sc. 
Pror. B. M. Szx, M.So., M.A. 
Mg. BRam saD MooxzEz7EEX, M.A., B.L. 
*Pnor, NIBARANOHANDRA Roy, M.A. 
MaNMATHANATH Ray, M.A,, BL. 
R., SURENDRAMOHAY Gaweo, D.Sc. 
De. AnaNIBHUSHAN Darra, M.A., Pa.D. 
Mz, Satisongnpea Guosn, M.A. 
Mz, NRIPENDRANATH Guosn, M.Sc. 





Letters and Communications for the Society, and Presen 
f the Society shuld be addressed to the Secrafery, 
ae... Society, 92, Upper Circular Road, Been | 
blieations of the Caleutta Mathematical Socfety 


com Messrs. Bowes & Bowes, Book-sellera and Pu 
“gt, Cambridge, who have been employed A 


$ j 
AND HD BY NHUPENDBALAL BANMNLJAM 


Anas PREIS, SENATE HOUSE, OALOUTTA. | 


10 


2.) . 
ON THE SUMMATION oF INFÍNITE SERIES OF a 
LEGaENDRE's FUNCTIONS 


: — 
+ x A 
(Second Paper) "n 8. 
NS 
ae X 


BY 


GANESH PRASAD Erg | S| 
(Calcutta University) Su ae 
1.8 a 
as .rt : 
T. P_, (cosh o)+4-P, (cosh e). rt $4 Py (cosh e). 7* + ,.,.,.t0 
. Y 
ido Gub [oleo d$. go... 9E. 
T 2 {cosh o—r+sinh ocos p}t eve —P 
the modulus corresponding to K being rine and r being «e^ ?. 
e ; za 
Proof : 
It is known] that 
pid e 
T 
P. , (cosh e) =l f a ae 
mu T J {cosh c-Fsinh e cos $6] ^ 


Therefore the series has the sum. 


i m © n m 
1 J af 3 — 1.3.5...(2m —1) 
. T A mao 





D " 2.4.6... 29m 


i (D standing for cosh o-+sinh o Gos $) 


* Th% paper was received on 27. 0.'81 and read on 12.7.'81. The first paper 
Sbpeared in Vol. XXII, 1930. 

+ Bee Hobson's paper ''On a type of spherical harmonics of unreatrigted 
degree, order and argument " (Phil. Trans., A., Vol. 187, 1896, P. 524). 


15(a) 
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ed do 
2 fales Vidi da a—r+sinh o cos $}? 


z d$ 
= bf [cris Rash scar 


r 
=2 rg do.: 


c : : 
7T Jo {e —r—2 sinh o. sin 


— — € [zer k* standing for d ) 
met —r 2A -k* en’ So he 


a 2K - "vc. 1.7 P MP 


met —$ 07 : 2 





; l E 
p (putting 0—5 ) 





i. K, Gish) -TP5 (cosb y+ Ky (cosh, y) —..;torinf. 


EU PE), 04 «7. Swheradc-wY E 


d / 


Proof : t 
It is known * that P ' 
+ E, (cooky) = sa 
m ý— cosh $)]* 


Therefore the series in isum Las the mum ^ 


.. (1) 


2 T iag it 3 CDe (p 34 DE | ne 2m 
(2 cosh p- m OF = 


Now the cosine series g within the orooked T Dres equal oh. or — 1 


Ki 


` Tord, p. #00, 


p. 
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according as cos $ is + or — ; therefore, assuming that Ocy« 3 , we 


have the sum equal to 1 : 
. 


Therefore (1) equals ^ . . 
o i2(cosh y —cosh Hy 2 | oo 


k standing for el. 
For values of jy outside the interval (0, z ) the series can be easily 


* 
summed up by & procedure similar to the above. d 


HI. Q.i (cosh jae 5 Qylcosh o). rs $ Qlosh e).r* +... to inf. 





oe z 
-0 2 
D ae , where the modnulus'of K is a/ ps [mà r«e? 
rem er 
. 
Proof : 


It is known * that 


e 
dó 
Qu- (cosh 0) = Jj i ÁÀ- 
(cosh ¢+sinh o cosh 0) a 
Therefore, proceeding as in the casg of I, we have the sum of the 
series equal to 


PET: eS al 
o (cosh o—r-+sinh o cosh pyt ( 


=2 Í MÀ , where 0—21. 
* “(cosh o—r+sinh e, cosh 22) - 





* Ibid, p. 524. 
- 


118 . . GANESH PRASAD 


Now the above 


zi " 
o (2 sinh o cosh*t—rpe OF ET 





zug fi seo gdp 
o  (2smh oe. sec! —r-- e 7) A 








(where cosh t= 


=2 f PEE BRA. LES 
o {2sinh ote"? —r—(e7" —r) sin*4]* 


2 ul 
C MED aes ee ate E e. M i ( where k? 
4 2sinhe-e"—r  [l—R'sin'$] 
2K : pong. 
z— — —- , where the modulus of K is a/ f zd 
e —r JE ee e" —r 


IV. Qi {cosh y) -i Q,(cosbu) + Qg (cosh V) —..,to.in 


~ 





T T 1 T 

ap Car) 3 car ua 
2 2 2 

Proof : e. 

It is known * that 

cos mô d8 


D h = ee - 
Qu =} (cosh y) = i Prenen] i-o B 


Therefore, proceedipg as in the case of IL. the sum of. 

is easily found to be gqual id ` 
= fA rf Do 
44 (coh j—cos0) 44 (cosh yF cos 6) 


* Hobson, lo., p. 524. 
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= fi f a 
2J  /2(cosh y—cos 29) 2 o  "VO(cosh wy J-cos 29) 

- (putting 094) 
= fi t rfin NEL. 
4 Sac at ae EESFSRCRANE RUE 

^ (Binh* Y 4 jns o  ^(cosh? ¥ —gin? 
9 Y "a + sin $) =. ( à sin’ d) 
T 1. z t w T 1 
ae F > am F(- » ^ 71 " 
4 sinh Y (4 sion ) 4cosh $ (à coord. ) 


V. Q-3(cosh ¥)+Q } (cosh y) +Q; (cosh y+. 


..to inf. 


d =} F (55. cosh , \+5 ely, a» gs) 


t MÀ 


Dae) 4+2 
where yc 860"5 3 


quantities expressible in terms of k. 
* Proof : 
It is known-* that 


a 


: Qup(cosh y) = a 
" - > y (2 cosh u—2 coshy)t 
Therefore the sum of the series in question is ` 


—— f 3 ens I 
i (2008h u-gcoshy) t © -2 


= e" du 
23 NES ` (2cosh u—2 cosh Lu 


2j die’! 1 
' dyert] (2cosh 2t—2 cosh y)* 
9 





* Hobson, l.c., p. 519. 


-,k standing for cosh , and Yas Ia’ ] 


` (putting u=2t) 


are 


(1) 
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Put cosh tSsec $, then sinh t=tan $, dt=sec $d$. Therefore (1) 
is equal to 


f? sec ġ+tan $. sec pd 
¥ tan $ EC sec? — 4 cosh * 4 Py 
MEE 


E ns $ d$ 
=} ^ m as) (ony 2 d 


moy 1 dv 
afi Gras ) 
. ^ Gen T piss sin’ y 


(putting v= à Z —4) 





-—Y 
y. dv 


cos v(l—k* sins», T ` 





es m. wy y ) 
=} F(a » cosh z— +} 
The second term in the above 


=J 9 dic 1—w*)(1—k*2*)4 } (putting sin v—z) 


e 


ag 


3 et (patting s= E) 
asy Viy- yk) 
2 


il 


= po —i8 (5 Yas Js) "E 
Y^ ugga 


e 
(putting e=y +2 
e 38 


et : um 2 and Jas Fa are suitable quantities which are 


‘where y=se 


expressible in terms of k. 
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VL P Q(cosh'c)-- ¥ P, (cosh o)r+ d P, (cosh cjr* --...to inf. is 


4K = 
UT qr where the modnlus of K is 1—4F 
-(e —r)*/2--9k -or A/2 4- 2k 
s k= B einh ¢ andr<e ^? 


e =r * 


Proof : 


Proceeding as in the case of I, the sum of the series is found to be 





1 f7, Kk Se 150.0m-) 
a AQ E ABB. im. 





a T 

=f aD—9*-? fa — —O 

T T4  [e" —r—B sinh o sin*0]* 
— = f? a ; 

z(s7 —)* J  (—HMaint6)* = io 3 

i (K* standing for SOR 
eT —r 
4K 

= ——— A 

a(l —r) * 3X3 EK 


(See Greenhill’s Elliptic Functions, p. 164.) 
VII.  (log9). Q4 (cosh o)+Q, (coshe) +4 Qi (cosh e) 
+4Q1 (cosh o)+..,t0 inf.— 6, 
where ® is a function expressible in terms of elliptic integrals. 
Proof? 
It is known that 
x 7 (—1)* cos mobd@ 
/2(cosh «+ cos 6) 


Q (cosh o)= 
7$ 


Therefore the sum of the series is equal to 


T ] D 
J dé { tog 24 3 cos 2k0 }. (1) 
o v2 (coshe-4- cos) ' k i 
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But log 2+ x rM T Li em —log sin’@. Hence (1) is equal to 
p log sin 0d0 


1 
pays. ee ae NE 
i) ^ codh? e —sin* 8 


3 3 


Teo . log sin 2$ d$ © gin 2$ d$ 


/ cosh* e —sin!ó H —sin*ó 
(putting 0—24) 


T A € - ~ 
1 f log 2+log sin ¢+log oos $us 


(1—H* sins 4d 





g 
cosh 3 ^ 


:— 3T 
(where z =sech 5 ) 





T ce 
K1 Klog- —— K' 
mew 1 og 2--i og} | K 


where K, K’ are the same functions of kar, as K and K' are of k. 


VIII Q. ud (cosh ertt 7% (cosh ey I 24 (cosh a). r3 


+...to infinity is easily snamebls for r<e” 


Proof : d 
Proceeding as in the case of IIl, the sum of the series ia found to be 
wo à; d8 ^ _ 
o (cosh o—r-4sinh e cosh6)* 
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whieh is seen to be equal to « 


2 p= cs =, 


(e —r)* o ^ cos $ (1—k*sin*¢)* 











i . —-g-—T 
(2 standing for Ê ) 


g 
6 -7 


where d, is a function expressible in terms of elliptic integrals as 
Bhown in the Note at the end of this paper. 


1.4 à 
58 Ha inar T 


1 
IX. P m (cosh e) + 7 P, (cosh 2). r+ 
+...to inf.=®,, a function expressible in elliptic integrals. 


Proof: 
*  Proceeding as in the case of I, the sum of the series is found to be 





1/7 f 2 f"  147..(9m—9) 
=] idi s pri 369.3m 


md DE. NN 
=f a [o-n'= ji 1e^—7—2 sinh c sin*6)* 


2 z *40 
euch f? T0 89, 
a(e —r) (1—k* sin?*0)* 


( kstanding for sinh ¢ ) 


e? —r 


e 
where ®, is well-known to be expressible in tefms of elliptic integrals. 
(See; e.g, Greenhill’s book, lo., p. 165.) s 


X. Qaeh c) - Q, (cosh o). r+ ES Q, (éosh c). rë 


-Feto inf. =®,, 
where ®, is expessible in terms of èlliptic integrals as ©, is. 


-16 
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Proof; 
Proceeding aa in the’case of IIT, the sum,of the series is found to 
be equal to i 


Í do 
- : o (cosh g—r+sinh c cosh 8)* 
which is seen to be equal to 


2 f (cos $)7$ d$ 
(e —7)5 (1—H* sin*4)* 





: -9 5 
( k* standing for. - z) 
e? —r 


(cos mo 


Note. Iz f? 
(1—k? sin*4)* 


. 
i 


ea 8 fee negem 2) n (cos tae 4p} 


A rare 
-ld ww Em 
: 9 : : rE +) - 





ay 3 fpa ien a 13..(2:191) g 
2/39 ° . 8.7... (4n—1 48...4n  ° } 


-(ravfovier (11 1.8 ae) 


But each factor in the above expression is expressible as an elliptic 
integral. (See Whittaker and Watson’s Modern Analysts, 4th edition, 
p. 524, for the first factor, and Kummer’s paper on hypergeometric 
series in Crelle's Jouwial, Bd. 15, p. 146, for the second factor) ° 

Thus it is proved tat ©, is expressible in terms of elliptio 
integrals. 





Bull, Cal. Math. Soc., Vol. XXITI, No. 3 (1981). 
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BRAHMAGUPTA ON INTERPOLATION 
BY . 
P, C. SzuNaUPTA, M,A. 
(Read, the 14th September, 1930.) 


Bre DAqunR. in his Khandakhadyake (665 A. D.) tabulates the 
“sines ' ' and the equations of apsis of the sun and of the moon at in-* 
forvals of 15° of aro or of the mean anomaly. 

As to the planets Mercury, Venus, Mars, Jupiter and Saturn he 
tabulates the values of the elongation or of the annual parallax, 
at irregular intervals of the Sighra anomaly. This SIghra anomaly 
"in our way is the exterior angle of elongation at the sun-of’ any planet 
whether inferior or superior. In the Uttarádhy&ya or th@concluding 
chapter of the Khapdakhádyaka, where Brahmagupta, modifies the 
astronomical constants as taken from Aryabhata’s ardhar&trika system 
of, astronomy,* he gives his new rules ef maberpolations He gives two 
rules, one applies to those tables where the argument increases by a 
common difference of 15°, the other applies to thofe tables where 
the argument increases irregularly. 

The first one may be thus statéd :— 

. “Multiply the residual aro left after division by 900 (t.6., 489), 
by half the difference of the tabular difference- passed over and’ that 
to be passed over and divide-by 900' (ë. 6. 15°): by the result increase 
or decrease as the case may be, half the sum of the same two tabuldr 
differences ; the result -which, whether less or- greater than the 
tabular difference to be passed: over, is the oa tabular differ8nce 
to Be passed.over." + ~ . 


a . 
* Aryabhata’s Lost work by P. OF Sengupta, Bull. Cal, Math. Soo.; also 
Aryabhata, Journal of Letters, Calcutta University, XVIII, 
T^ miasa ana wots | 
aated drarenfea reb do 


. Pandit B, Misra's edition of the Khapdakhidyaka, p. 35. 


126 P. O. SBNGUPTA 


* 
Illustration :— 
Bahmagupta’s table of ‘sines’ (te, ł50x sine of an arc) in the 
Khapdakhádyaka is as follows :— 


eTabular Second 


* aro *‘ Bine” | Difference | Difference 
o . 0 
15? 39 39 
30° 75 36 —3 
45° 106 31 —5 
60° 130 24 —7 
7$? 145 15 —9 
909 "| 150 | 5 236 
Let it be proposed to find the “ sine ” of 57°. IE 


* Now 576=3420'=900' x 8--720'. Thus three of tabular differences 
are considered as passed over, the last one being 31; the one to be 
passed over is 24. 

The true tabular difference by the rule, for the arc of 57? 
31424" 720 | 81—94 
ae c mad 





3 "E T 720 / 31424 790. 31-24 
^ the “sine” of 572=106+ ggg ($= — 9X e ) 
. -:125'76. 
As worked out from the logarithm table- 
° 150 sin 57? —125:80* 
Again “sine” of 57? from Brahmagupta’s rule 


e. - 2 
+ 720 94—24.. 720 -720 31—24 
=106 + goo 24+ =~ x 


90 ~ \ 900) * “3 
L] 
" 720 “og, 720( 720 _ ) 24—31 


which isin the modern form of the interpolation equation up to the 
term containing the second difference, 


* Cf. Ball’s Spherical Astronomy, p. 18g eto. 
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Brahmagupta thus takes a decidedly improved Kiop in the art of 
interpolation by taking inte account the second difference, This illus- 
trates Brahmagupte’s first rule. — 

' His second rule may be thus stated :—. 

* Multiply the increase of the Sighra anomaly to be passed over by 
the increase of the Sighra equation passed over and divide by the 
incremse of the anomaly passed over: the result is the number of 
degrees in the ‘adjusted’ increase of the equation passed over. Maulti- 
ply half the difference of this result and the increase of the Sighra 
equation to be passed over by the residue (of the anomaly left after 
subtracting as many as possible of the preceding intervals of Sighra 
anomaly) and divide by the increase of the Sighra anomaly to be passed 
over: by the new result decrease or increase as the case may be, half 
the sum of the same two increases of the equations; the final result 
which is either greater or less than the increase of the Sighra equation 
to be passed over, is the true increase of the equation to be passed 
over.” * x 

Illustration :— . 

Mara’ tabulated differences of the Sighra equation are as*follows :—' 








Tnorease of the Increase of the 
Sighra Equation 


Sighra anomaly 


30° 


"gr 





gefa wate Ber etcetera TARE, t 
BRIA; TITIUS TAA U 
fran whan wt aera atiis, i 
Aana Ri axe «2 wae ou 
Pandit Babua Misra's edition of the Khapdakhüdyaka, pp. 66-67. 
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Here the intervals of anomaly are not equal Suppose it is 
proposed to find the Sighra equation fon the ey of 74°, 
The residue of the Sighra anomaly 


= 74° (28° 489°) = 14°. , 


* The rules given above say that for bts last 80? of the Sighra anomaly 
the change in the Stghra equation 


= 14° xe = 130730”. 





Now as in the first rule, the Sighra equation for 74° of the Stghra 
. anomaly of Mars 


-1D4 1254 14 Pt ee ee B 1397/30" — 109 )j 


—28? 3' 20”. 
. Mars’ gighra epicycle having a circumference of 284°, the Sighra 
equation for 74° of the Sighra anomaly, accurately worked out becomes 


z279 55 7". 


a 

We have thus, seen that Brahmagupta uses the second difference 
in interpolation, but it appears doubtful if he had any successor to , 
follow him up in this line, Bhaskara II (1150 A.D.) quotes Brahma- 
gupta’s rule without any attempt eat improvement. Thus in the 
Grahagapita, Spagtidhikara 16, for the ‘sines’ which are tabulated 
at intervals 10°, the same rule is repeated in the following terms :— 

“Multiply the residual aro (left after division by 109; by the 
flifference of the two tabula? differences of sines passed over, and to be 
passed over and divide by twenty: diminish or increase by it the sum 
of the same two tabular gifferences for finding the sine or the versed 
sine of the given arc.” * —— f 


* Du LN 
qd wüdhwew Sey méürpue-neus WIS n 





or 


Bull. Cal. Math. Soc., Vol. XXIII, No. 3 (1981). 
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ON A GENERALISED THEOREM ON INTEGRAL INEQUALITY 
BY 
PRAMATHANATH MITRA 
(University of Calcutta) 
(Read 12th July, 1931.) 


1. The object of the present paper is to give a generalisation of mys 
fundamental Integral Inequality theorem, which along with several 
other generalisations and applications appeared in a previous number 
of this Bulletin. The relations considered there were between the 
quotients of the integrals of two or more positive continuous functions 
*and the integrals of the quotients of the functions ee in pairs. 


The fundamental inequality established there is . 
: PA 
2 a fi oJ f(z)da 
g en e a 
(1) gie) dr £ or > (z,—2) rn ? : 
2i - g(z)da 
v 
ê . 


' according sf and g(.) both increase (or both decrease), ar one 


increases and the other decreases, f(e) and g(z) being any two positive 
continuons functions defined in the interval 2, Si <e, 

In the generalised theorem given below in $1, the quotient uxler 
the integral sign is taken of any number of positive continuous 
functions both in the numerator and in the*denominator and the 
corresponding relation is obtained with the help 5f the Fundamental 
Inequality referred to above. In $2, inequalities of Tchebycheff | 


* ''On Some Integral Inequalities," Bulletin of the Calcutta Mathematical 
Society, Vol. 22 (1980), pp. 188-152. 
+ Bee Hermite, ‘' Cours professé pendant le 2* semestre, 1881-82, 
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and others are generalised, and those of Dunkel * Jensen, t Holder, 
Schwarz, Fujiwara § and Hayashi,|| are deduced directly from the 
theorem. In $8, the theorem has been illustrated and applied to 
analytic, cireular and transcendental functions. 

For the sake of brevity, we shall say that two functions are of 
the same sense, when they both inctease or both decrease, and of 
opposite senses, when one increases and the other decreases, in the 
given interval. š * 


$1 
Theorem. 
2. If f, (») and à, “a) be positive continuous functions of v, for v=1, 2, 


$,......n defined 1n the interval a, <e<r,, then will 


és fiM CO f) 











H pleha) pa- (2) 
M i um T. 9, 
E H J f (edas A Fa Goda...... f.(a}de 
01 sor > a za 
Be fs fa 
J tii f Amas... [bas mas 
eT: 9i E HALO gem 
AQ (2)... f,_,) $,_, (2) 
according as d 


AORT P @) ^ f) 


(v=2, 3,...%,) are of the same sense or are of opposite senses. 


* ©. Dunkel, “ Integral inequalities with applications to the oalenlus of 
wariations," The American Mathamatical Monthly, Vol. 81 (1024), pp. 326-837. 

+ J.L. W. V. Jensen, “Sar les Fonolions convexes et les ard entre lea 
valgure moyennes," Acta Math., Vol. 80 (1908), pp. 176-108. > - 

t O.Holder, ‘' Ueber einen Mittelwertsatz,’’ Naohricaten Ges Wiss. Gottingen, 
1889, pp. 38-47, . . 

$ M. Fujiwara,‘ Ein von Brgnn vermuteter Satz uber konvexe Flachen und 
eine Verallgemeinerung der Schwarzschen und der Tchebycheffachen Ungleichungen 
fur bestimmte Integrale," Tohoku Math. Journal, 18 (1918), pp. 228-936. 

And “ Über eine Ungleichung fur bestimmte Integrale,” ibid, 16, (1919), pp. 
285-288. 

| T. Hayashi, “On some inequalities,” Rendiconti del Circolo Matematico di 
Palermo, 44 (1920), pp. 886-340, ' " i ; 
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Proof. 


Consider the integral i 5 d opi. dm dë. 


s . 


We have by the application of [1], 


9s fala) (2)...f. -1(2) d 
$1(2)Ó.(2)...0. (9) 
gi 


[ ffe fe 9; 
EA (2) $3(«).. oie 


f aas 


9, 


02. ELI (21) = 


i f (af l)n (%) 
according a8 — $1 G9. 2) baa) and $,- (2) 


are of the same sense or of oppposite senses. 
Again 


f^ OO 
w y(t) palt). Paa (E) 


9, 
fa fy f. C) 
1 ATTE ET en ON 


js fds, 


* 
gi 


03) 'zor£(4—2) 


Song as .. bs ie foal and 7e) 


are of opposite senses or of the same sense. 
Hence combining (1.2) and (1 8) we have 


17 
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* AO. f.) 
ple), (2). $a 








Car 
° t, 
: _ Fx(z) do 
AMAA fer) g, 
es) = ut ET CREA o). Pa- a (2) eus 
ei $.-.(c)ds 
—= wy 
: fitoM a)... f (e) a $n- (2) 
pee er Hs) Fal) HEUS) 
are of ihe. same sense or ot opposite senses. x p 


From the above it is evident-that f, (2) and $,., (a) a are of re 
senses. Next suppose them to be of the same sense, 
We have 


--- mt. 
(1.5) a-il) gy > or S (e,—7,) 2 
Ra age ftne 


e 
Ti 


according as $120 and f,(z) gre of opposite senses or have the 
s Mei Y 2d X , D 


same sense. 
Again 





7" ROGA a, 
] Bone 


J? Anio dei) 5, 
84 $, (2), a).. A. ca) 


$.-i(«) da 
" f.) o. 


(1.6) < or z(z,—2,) 
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f. (1. (2... f.) $ed 
PEM "ro WO FONT MEE] 


have the same-sénge, or have opporre Senses. ~“ 

s And combining (1.5) and (1.6) wé get (1.4) ander the same set of 
conditions, so that (1.4) is trae whether ^ (<) ànd.$,.., (2) have the 
same sefise or have opposite senses. - `e & 

In a similar manner, we geb ~ i | 


f á af hD a * de: < 
PORO Pa- 1(@) 


Be Be 


fade J  fala)do 





r 3 hif. Jay E fı 
S mds "Pao (8) | ur ; fs " 
2 ^ f 24. d.c Gd. fes Coda 


a PRE DM Gy . 


where in addition to the conditions jos the validity of (1.4), similar 
gonditigos hold simultanéously between | 


EAA efaa (2) d $x- (2) ] 
Plepalai da Jaala) 
e 
"Prooeoding in this manner, we obtain at the penultimate stage, ~ 


T P Mas (0)... 0) A 
pig) (2): 0. (0) gi 





2 


Dg D, 9 . 
ETN fa (z)dz...... / f. (aya 
1 160), 18)5 91 m4 
aoe ' (2) vs Ts 
oe: EAO $.i(da >: 
E" - LTEM ^ 


which again 
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Da Ta Bs 
i fi (2)da ie fola)ds - fi (ds edane f.(2)da 
<r> Ow 
Vs 
$i (ads . f. $s(v)da...... ie Paar (o)ds a. 
zı è Bie — , a 
02. AGRGO £0 E 7 
according as ] 


AGO $LIG) S f) 


have the same sense or have opposite senses. 
Thus our theorem is proved. 
Equality occurs'either when 


- 


f(e) = fiG) = uE fao) 
$1(#) n $a (2) M (ARON 





or when all the fs and all the ds are constants. 
: 8. "Note 1.—Putting “n-+-m for n and taking 4, (oj, PONE UR 
dina) to be constants, we have 


Ji ‘fi(@)f,(o).. Hom S di 


$i gr a 9 a X 
ki By C Be . 
UR (2)de... J ys ys. T ROTE 
(L7) gore (5-25) ot : z — s 
. $, (2)da...... f d.c (dar 
* — Similarly EE | " 
°. Bs fi (fs ).. ee da 
1 Pie) *$.x).. Patala) : : 
. . “By * " v. : 
Siw <3 4 f -F,(e)de teense f.-()da: v. 
(18) &orz (j,—2,)7** "X———— 


ae ee Moises J cat 
1 


By £4 
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Note 2.—If f,(#) become constant in (1.1), we hayg. | . - $ 


[At a " es NOS n f 
8, $1(2)$,(2)... 0. -.(0) 


gus 


T (ide... wn ga 


09)  &orz((a—2) an ae 


hides. he 


vi : 


Note 3.—1f m d's are constant in (1.8) (as no. generality i is lost, we 





take $,41. uus Payam to be constant), wehave- c ^. s 
e LA : 
Falf GG) fee) a, 
T$ T T) T 
(3, f E d 
[A PA 
J fi()da TET f.-. ode . = 
(1.10) Zoe (e, —8.)* p LI GAS 
Pa ()da...... Pn (e) d» 
. * è Y 
$2 Ts ? : 
Derivations and Generalisations of known Inequalities. . 


"n . e, . Spe 
4, In this section I propose to generalise certain well-known 
' inequalities, namely, those of Tohebycheff and others and deduce 
those of Dunkel, Jensen, Holder, Bohwars, Fujiwara and Hayashi 
directly from my theorem. t8 . eu oF 

6. Generaltsation of Tohebychejt’s inequality. : 

Taking all the $'s to be constant in (L1), we have G S eo 

. £a- a7 . : ` . . 

] AOA@A@de . . 


t, M» 





(bi) > CL of kour pes noe 


vı Uu 
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Here all the fare of the’ same sense. 
In particular, when all the f's are equal, we have 


24 : 1 Ta ` 
(2. 2) J (feorés > (eae)? tf f(a) da 5 : 
Tı e . cy 

These are generalised forms of Tchebyobeff’s inequality.» 

6. Generalisaiton of a previous result and derivation of Durnkel’s 
theorem. : 

Tf all the fs ars constant in (1. 1), we obtain 


Zr e 9g de 
J Pile) $.(2)...0. 10) 
"E (z,—3,)" 
(9. 3) z ie: eee 
[$e def" amas f * baila) de 
2, oy 8, 


e e ., 
where all the&j's have the same sense. . 
In particular if et ...m d.c 
we have Dunkel’s theoróm ' 


# Ses O. Dunkel's paper, 1. o. ^ 
+ An exception*to this condition that all the $'s should have the same sense, 
can be noticed as follows :— 


Take n=8, and let $, (z) and ¢, (z) have opposite senses in the interval. 





3 » 
£s z f da 
a s(x) 
: s dz Zi 
rs f $:1(2)9. (o) 5 (e; 2) T. . 3 
EZ ; i "$1(z) dz i ^ 
e . Cy " 
e 
when $,(z) and $1(2)6,(2) hate the same sense, and this is greater than | . 


(z,—2,? 
X% V $ (2) do V "T 


~. 81 gı 


A similar reasoning will hold when $,(x) and p,(x)p, (x) have the same sense, 
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* The results (2. 3) and (2. 4) can be taken as generalisations of the 
result (1, 6) of my previous pajfer.* . 
Again combining (2. 1) with (2. 3), and (2. 2) with (2, 4) we obtain 


By 
(72) f f(e) faz) faa) do 


v, 
Q5 > ju fala) de f foa. pa fads ^ 5. 
vi Ti gi 
(ret s 00s 
Ps ds E 
fio) f. (2)... f. (2) 


i 


and (e eon f 7 (frd > (^ 9e y. oP, 
Rt i 


gi 


e. (e,—2,)**! . 


(2.0) = 
s da 
J FOF 


7, * Derivation of Jensen's Inequality. 


If we put fi-f.—..-—f.—f9 
and f $$, =. =u =) 
in the result (1.1), where f and g are positive, we have 


* Loc. cit., p. 187. Bee also (2.8) at p. 148, where (2.4) has been deduced from 
another theorem of mine. Bee algo Dunkel's paper, lac. cit., wherein (2.4) appears as a 
theorem. 
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f Pe. B gf, 3 ` 
$,5,.90.-1 ', 


Piel, 


$,- 

^ 1 - y 1 ? 

gandes c9 Pe Ss and =) zm (v=2, 8,...9 

Pibawd, a T $e P a: 

whence by the application of (1.1), we have i . 
NV Y Š fd ^N 


festos 1 
f glo) {fæ} "do > UU eid 


an 1f "rsen Y i 


n=] 


< Joyas {f aoak 


i m ^ j . © ` 
which is the inequality due f Jensen, * 
8. Derivation of Hólder's and Sohwarz’s Inequalities. 


Again if we pub 


fhe Sse ic 
and p 4, =$, =... X 0.. Qmd , in the result (1.1), 
å flete ap, 
MR $19,...0.-1 xd i 





and 








ie -y up 


(v=2, 3,...n) 


* J.L. W. V. Jensen, Lo., p. 187, 
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Therefore é 


{J * festo } 


. r^ {f(z)} "de a REESE SEA 
iý [J ^ gle) RAT de ] 


or 


&8 f |N 


gi 


ae el flora] [f^ em ae} 
t, 


which is Hólder's inequality.* 
Putting n=2, we get Sohwarz's iina 


G9 — f^ socis « [ [^^ mope ] [S uera] 
By 94 o A. r 


t 


d- Derivation of Fujiwara's Inequalityt 
Put n=3 and take f, to be a constant, then we have 


fafale) 
ex) f" Ean S 


u 
Vi 


Ls 


Zi 
l J f(a) dp fs(a)de 


° < or > (9—2) e TE o 
rs LA 
f 99m ^ sow 


a, ° 


e 
wy 
i? 


according as POE t iS and $,(z) are of the same sense or of opposite 


sensed: 
* 0O. Holder, l.c. 
18 
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and fie and $i C? a are of the same, sense or of opposite s senses. 


(4) Ja; 
Now put —f,—F,$,f,—Fi, 
$, PF, d m EP, in (2.10), 


t 


whence e * 


f" / ET f 7 F, (<), (e)dz 
ds <or> (z,—2,) 33 T. 





"Ne e os P 12, (adz J” f.i 
f 03 i (8, ` . 
ie, fF pte f' wee c 5 
2, l Sq 
XR DEN ~~ 


< T ` e EO A 
(2.11) soz f ¥,()@,(c)az_f F, (2), (2) da, 


zı . i « 
" : 
- : 


i : 
according a8 Fic) and EE have the same sense, or have opposità 
e 


senses, 
» This inequality is due to Fujiwara.* 


10. Derivation of Hayashi's Inequalsty.t 
Again, Hayashi's inequality : s 


c e. a a1 
Jeep e { f nme asta } 
Bs 3 €, 

f 

* M, Fujiwara, l.c. 

See also my paper, Lo., pp. 149-150, wherein it has been deduced in another 
way from the Fundamental Theorem (1), 

t T, Hayashi, lọ, 


ON A GENERALISED THEORBM ON INTEGRAL INEQUALITY 141 


Vs Zs a i) 
2.12) > fre (e (do. f "os ps os) Code 


3 Tı 


So See J " g.(2)9a(2)-~9.-1(2)p. Code 
i 
is at once deduced from (I. 1) by putting n & etc 
f.) 9p. (e)p, (a)... p. (2), f(a) fa (0) =. mf. )—91(2)9:(2)...9. (x) 
$i (z) =p, (2)94(z) "s (x), ds (a) =9,(z)p,(z)g, (x)...9 (2) 
$.-1(2) =g (2)g.(2)...9. -1(2)g . (2). 





for then : 3 ; 
PORE Sa O pp, D p. (2 
e RELA yg ye (2). 9. (2) 
a $a pue o. 
` F(z) gy-i(2) 

: - = Py) p ; 
so that the result (2.12) holds when ql have the same «ense for 
vol, 2, 3...n. ` 

s5; 
: Illustrations and Applicdtions. , 

© 1l. Illustrations. i y 


(1) Suppose f,(z)—z", f,(z)—5" and $,(x) a^, where m, n, p 
are positive numbers. Then by (1.f) 
A z"dz f sde ` C E: 
gUtt-tda < or > 9 09. 


a * ^ * 
o 


i : | se i X 


according as m—p and Nos have the same ‘sign or „Opposite signs, 
Thus 5e - 
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(2) Similarty, 


f tanta de> ERT 
bai i 


J coset x daz 


the integrations, exténding over any suitable interval within 0 and a 
In particular, . 


2 z " 
(3.1 —— — 7.» log v3. 
) ve 6 








J . 
19. Consider the pude f ze are: i i 
Here the function z* pd chased sense at w=}, but 2?+1 retains 
the same sense in the interval 0 < æ « 1. * 
' Takingethe interval (3, 1), we have 
; . 
[AC S i 
} (a +1) (07-2741) " 2 à 
A J (2* +1)d» J (a3'—241)ds * 
2 i i 
e 
whence - 
e: 
v6 l r 36 
G2 leg tyre > 98 
e Similarly . : 
fama > ak — 
J Fe 


i v We M EE 
Í (ot + de f (2! —a4-1)ds* 
80 that 


1 5 1 5s. 36 
(3.83) g Ba WR w^ 
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Again 





ee D 1 
l A ui rmm 
og 2 +t tan xu 
4 211 36 x 32 
— — ta Y — = > 
ve "" Z5 ? 5xBxD 
= 2m ` 36 x 32 
3.4 l Paa > r 
(8.4) or log V2 — 375 > gx13x19 
13. For the integral I : cp 
è (1+2*)(1—2*) 
we have . 
+ 3 ^ 
1 da l 
beee z 
9 (l+z X -r ) f (tet) de f I — 38 dz 
. o o 
whence we get s . 
T 3 . 
e ive > D 
e. 
* x$ 8 * 
T? Và i 
, 14. We have 
3 
i t) 
*ap > incl l ed 
o To fi 
. J tan 6 à ~ cob Ó dó 
0 o 


whence follows 
(3.6) |z- log (83-1) ] [ 5-1 (2-0 | s s 
" ' * 
15. Next consider the integral 


z 
F -u35 na 

e cos" æ dg 
E, 
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where m and n are positive integers of which m is even 


We easily get 


X 
£e cos" œ dz 
0 


which, by the application of the theorem - 


. T 


f sock caf cos? x de dee 
rc 


T m S Y 
9 2 
f e^? cos" a da = f e7*? cos" g dz 


cos? s da 





Hence %e get 


t 


m(m—1) (m—2)(m—3).. 





{né tn) Te-»yj Pons Sas 


f. dz ` : Juss. 
o 


: f 
1 
. (m—9i(m—6Y(mz-10)...1 r}  —— —— 
. AL————————A——— — 
Gn) d f m(m—4)(m—8)...4.2 2 } 2 cosh 5—2 
è . when ?* 


ae ton ee {sais tsm 
(8.8) and > 


m(m—4)(m—8)...5.3 


5 is even ; 


‘ 
D 
* 


2 "Fs 
cosh 2. 


when T is odd. 
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kaf 


! : 2 dx 
16. Donsider the integral, J = aa 
where a>b, a and b being positive numbers, 
e 
We have 


T 


8 
fs da ` T i 1 . 
F, a? —b* cos*z >G ) 


T 
- 





r 


i ie (a— b cos si, f? (a+b cos a)dz 
"ur NP 9 

. T’ 1 

ld d ccm rrr 


* Hence we geb 


avar 2° 2° (aw—2b) (ar+2b) 


m T’ 


Fs 1 TA T 
. (88 ———— ose SEE MERREN . . 
E : ) a av a5 —p* $ (ar—2b)lar+2b) 
In particular, we get, ` 


e. 1 T7 T 


85 ^ (5z—8)(5738)! 


1 T? . 
(330 a5 > Ge Ber)! z 


1 m? ` 


avs ^ Gx—39 33)! : 


A". Inequalities in Sertes. ' . j " 
7 z ‘cos x dæ 
Ethe integral ® f$... edd __ 
Take the case ý the integral * (a+sin z)(b 4-sin x) 


* This integral was considered in my previoos paper, l.c., para. pp. 140-141, with 


the help of the fundamental theorem, the results wherein can well be compared with 
the results given here. 


146 - z PRAMATHANATH MITRA 
where b > a> 1. 


With the help of our theorem, it can be.easily seen that 


r fE cos x dx l s 

g cords ag ) 
(a+sin #)(b+8in z) SS 
JË (a+sin z) do f NUS 


»($ NE NE 
s (sg 1) (bg +1) 


te NM I RE z 
` > (as33)bz 3) 
Hence we have ~~ d i 
1 (b—a) Gane." ee 


BLD MFI ~F aes *g a(bRly 777 (aw $B) (be +2) 


In particular, we have 
z : 
1* 1 1 tom? 
* a8 tye age te? Deeds)? 


m 





E 4 E + be Sar eet a 
, B 25: 355 45€ VUN * aE) Oe FT) i 
3 18% 13° 186 3r’ 
. — Mà —À —— Tot L ANESCQW CO HR ERES 3 
($43) p—35: *&ps A FP oad) ae) ! 


M i Ay oi ^4 l. Ze LA NE UN RR 
27 d'en 3 T 4 Bm (zi) 


Many such interesting — à can be obtained easily, 


18. Again from the integral f no d6, 
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. 
where 0< a«b < * we get the following interesting results. 


(3.18) 1470, $ KOA Le. ROUEN se . 























ntl 
e 3% T aats 
Qant : 
1^0, 2 4"0,. $t ER. ix) P. 
] 1 ps- 
=O; —+"0, — uk — 
s3 3.3 43 5.83 3 (2n4-1,3* 73 
1 T — Se 
muri from the integral f ap i 
we get = À 
49 np 83 ng 8V3 cae UM 
(814) -7 — Oi gas + O -Ep ars D" (gg 4. 1)22 
e 
(log QV3--1) — log (v3—1 } 
ling 1 ^g dici rss 
2 ! 8.25 i PER 2d (2n 4-1) 2*** 


w janta 1 
> (z ) e EATEN Ve 
(log 4/3) . 


dz 
, cot?" 


and from the integral , we have 


(3.15) 1 Brent -1. 1 3l, 1 3an- 5—1 
; Mm—1 39'48  2a—8 3'48 | Wo BF UU 


19 
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b 8—1 T m. rbi d x 
—])*~1 —]1)5 — $ x3 
£n HDE > (8) ig vsy 
1. g"s43—1 1 Bart 81 qai V3—1 
TET =) MA—L— 
àn—l 3t? Zh 9n—8 "vy FUE Tie V3 
.1 E 


erre ` at T stl aoe 
^ í ? +( ye >(4) ' fog 25" 





1 »- Vg D 2l 323 /8— Qd a-5 3 —1)— 
ac di D ds ' iris ag 3—1)-.. 
s L p3 


Sar nT m IRH 1 
1 (/8-1) C7 17 a> (i) og Vig Vp 


18. Applications. to TM Functions of Special Type. 


Here we shall consider integrals of the form * 





‘ f f(sin 6, do 6) dé 


eos (6—a,) cos (6—a,)...... cos (0—a,) 


where f (sin 6, cos 0) is any homogeneous funetion of sin 0, cos p. q 
e bs . = e 
n—1 dimensions, and 0 < a, < 3 for v=1, 2,...n. 
e e 


By.the application of the theorem, ue have 
t -9 
(3.16) f (sin 6, coa 6) dé 
En] J * ah cos (6-2. ,Co8 (8-2, ) 





e mo 
SNR JEF (sin 6, cos 0) d8 
e < or > ( 5 ) $ 9 : B 
` (ces a, +sin a,)(cos a, --sin ag) . (cos a, +8IN ap) 
e * 


* Analogous integrals with 
n n° ^ 
Tam (8—2,), or I sin (0a) or II cos Ota) 
l 1 


in the rdenominator can be treated similarly provided the range óf integration ar 
values of a, are suitably. chosen, ic 


ON A GENERALISED THEOREM ON INTEGRAL INEQUALITY 149 
F (sin 6, cos 6) and cos (8—«. ). (v—1, 273,.....8) v ER) 


ün cos (6—2. ) ? 


v=. 


according aš 


. "ED MUS i 
are of the same sense or of opposite’genses., ; ,' >] 
Hence, we obtain 


f (—cos aj, Sin a) 





(31) 3 


ye, SD (a, ~a,) sin ta —05). Sin (a, — an) 


toa sina yte, +) 


log nate 
°8 sin a, +cos em 


T ten 
J f (eim 0 cos 0; a 
T g xp om Ure cds 
SOS ( 3 / (cos a, -F sin a,) (cos a, +sin a,)...(co8 a, +810 a4)" 


the sign * denoting that the factor sin(a,—a,) has been omifted from 


2 the denominator of the above co-efficient.. 
When f (sin 8, cos 0) can be broken up into factors the result can 
also ee modified in the light of notes 2 and*9, x 








As a particular case consider the integral . ° 
. e 
° .. Bin? ô d 
a E ELEME" 
es aver: Deles Jeos (0—7) eos ( 915 ) 
which is 
f: sino dg c 
> 4i 2 è x 
2 ba’ = f 
( cos 15 +sin $z ( cos 5 sin PiXepe) 
PO PS : 3 Tx i 
Rl. Sie A by (3 16) 


£ 
ij 3 
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T* 


(8.18) t.e., > 9075 +12 7 


. > T ! 1 1 
18(2+.78) 


It cau also be shown that 


r 
* 


sin?*0 d- 





P 07 88&VA 


30. l An Tnequalíty Involving Suocessive Differentiations. l 


= " a 
From the integral f a mE 
(zo) (zm—a) s 





j tey >t | = ——— 
*. 


9 64/3 


EOE 


y 





i) 
12, 


where c and a are positive RA arid p and n are poattive integers, 


we get after {some easy calculations 





Ort —1ly grt 1 
pl 1,3.5...(2n—1) Oc? Ba" 


(3.20) (p+ 2)(2n -- 8) 
COS a) 3— 





91. Applications to Elliptic Functions. 
j E z i j 
. 3 dé 
: int 
Consider the integral Í ü-Psisj 


where k is the modulus of the elliptic function. 
It can be easily seen that 


Vota 


tan^! 


z—a 
o+a 


} ! 
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T. e 


is (1— TETEN >(F) r ° 


whence we have * 


8—8k* +3k* Sut 
ex Hir ($)m . 
Again from the inequality 


T T 


ii Fear y (1—k*sin"g)d } > ($) . 








*. 
we geb 
3 
: 8—8k* +3k* k* 
Qa» 2 3k (1- 5) sh 
. ë " » 
s dz 
22. Again from the integral f [NERIS 
; l VIAULE) 
Eon pE Nee uu r —- e. 
We have ° 
e 
" . 
4ks? 
(3.23) sn^s» : ——M———— 
(s 1—3? 4e sin^!z)(kz ^/l—k*2* +sin7 hs) s 
lu particular taking z=1, we have . * 
l 8k . ` 
E Epin h’ | 
* 

! 2. T 4k ° , 

Z3) ing E» pl 


Similarly 


T 4k 
3 Boe kE-rsnE | 
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whence . 


T 1 16kX 
G2) (3 ) KE > su TEE in iE, ' 





also we get Y 


(326) (t EK HER T ) 


S 16k 
(Ek + sin7? k)(kk Wtsin™ k) 
. s , i 7 . d E 13 
EK 4+ E'K—K'KPKK' o Ik e 
(337). Cor (ER PERSEE sr TD ERR 





K 
23. Next consider the integral f `- nd'u du. 40! 
aje , 
toL i 
We easily get . 
K’ ; f Ks j 
d'u d 
f nd'u au mo : E . 
? f (1+k sn u)du ( (1—X sn u)du 
e 
0 0 
whence ` wot i Pa f 


E 
(3.28) acral ea oe 22 Se ee Se es al 
Ke > TIT lk +h 
(rere, Yr TIER RA log CES 


Again 


K : 
a lE C lt +k 
3 
f dn*u du< x. K-Flog i vr K~- log 135 ) EN 





or 


LEE Y 14M 
(3.29) ER« ( K+log 3 ot, Eig dra 
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Hence combining (3.28) and (8,29), we have e t! Is 
y “Etke? X < PK 1 
1+K+k 1+ +k 
. ( E+log 148 =F ) Ms log is : 
l it) ies og LE +h +k 
(8,30) < (eig +h =k 08 Lk 
or 
` 31/5 i 
BB a a ee < — m < È 
IEEE Lei ; " 
š ( E+1g eS i) (x- log —————;. Ipv} ; 





1423 fg M 
(reete) (ro log EIFE—k / 


EN , 


whence 


e LEN ( gero "rari 
(3.82) ( K-+log 12 ile K—lo tr) EK, 


Sifr) 4.94 (ofr) +92(o 
J+ Ë “Fe et y 
ut 3: $8 "S 1jr) 3-92 (oiv) — Sof) 


PT 1 'es( 1 
333 k Este- leg Sip) #95 (ole) Rei) ) 
( ) x E 1 afr) og 33 (ofr) 5? (ofr) — $3 (ofr) Í 
M up J roa C 
i ee T 3 (ofr)S$ (ofr). , 
Again combining the inequality * 


PIE 
p 1- 7> 


EN ee . VUE ae Anh 
* Beo the last line of p. 148 of my previous paver. 
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with (3.81), we bave : » 


T sauna dog 22+ 31(o[0 +93 (ofr) 
{5 SOD + oz. SE Cer) St Gn } 


». 7 Slo) Silo) 


2 33 (o)+3¢ ofr) 
Also we have 
: bn o PAL 
“at (1—9)73 {(L1— k'u) du -- 2 uE . i 
(230) uu nos 


f «a aya k'u) Fae 


( K+log LEE (10g 14M +k 
K* 





IVk IK-k J m 





and 


m! S ft 1—2)*0 ~htuy tay eg (1 -ayia kudu 





e. 
à ux) ( 14h +k 
; K : —log' : 
(3.87) <4 ( tog xy ) (Econo 
e E . 
jn conclusion, .I wish to express my best thanks to Professor 


Ganesh Prasad for his king intérest and constant. mpm 


. ————— 
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uu Made E al Na i . 
On THE SUMMATION OF INFINITE SERIES OF 
LEGENDRE’S FUNCTIONS. " . 
BY " 
N. Q. SHABDR. * 


. (Calcutta University.) 
(Read, the,98rd August, 1931.) . 


t 


Introductřon.—The object of the present paper is to sum such 
infinite series of Legendre's functions, P, (cosh v) or Q, (comh c), 


with non-integral n, às admit of being summed up into forms, compact 


and free from the sign of tntegration 
The first successful attempt at the summation of such series has 


been’ 


made by Professor Ganesh Prasad,* who has recently given 


ten such sums. 

- Many. of the series given below are believed to be new and they aro” 
starred. There are also a number of other series, which deserve special 
attention, because, although they can be obtaizfed as deductions from 
the results of Professor Prasad or by methods quite analogous to those 


used 
to be 


by him, their sims are so simple and interesting that bey merit 
added to the list. These series are not starred. > 


* My sincere thanks are due to Professor Ganesh Prasad for sugges- 
ting to me this continuation of his Work and for his kind and keen 
«interest in it throughout its course. | __ = 


Taking K, (edsh y= Pa ,, (osi i à 


e 


1) K, (cosh Hi K, (cosh 2 K, (cosh )»-i K, (cosh be 


* 


* “On the summation of infinite series of Legendre’s functions," (second paper), 
¢ Bulletin of the Calcutta Mathematical Society, Vol. XXTIT, No, 3, pp. 115-124, 


£ 


à 


a ——- to inf. 


H i . 
=a MEW, hae’, for0 < y n P l 


7 


N. G. SHABDE 


2 ] 
=} PR), keee for HESE = 


"9 
E ; t 


Proof : 
It is known # that s 
4 ‘ 
K, (èosh y) =2 J (cos pérdà 0 
{2 (cosh V—oosh 4)]* 


Therefore, the series in question ‘has thé sum 

ore Cie : 
2 f ere oe eee } Uu b+ 5 cos 3$ — ve 39 
7 Js (2(eosh Y—cosh 40] i : ` 





& : s ; 
a Oe : 
: 7 


The cosine t series within the crooked brackets equals — 4/2 when 
rae eri e 


T 


— c g< $< á and. oduale Zero when Z i « p<% 
e S . x 
Therefore, (2) a NE 

" y E 1 
2 7 JE. J QN CEN 
wi 4 o {2 (cosh y—cosh 4)}# 


oY, assuming y to lie between zero and 
$ ' 


=} 1? P (1), k= 
a 


^ 
LEN u To. 

» pees „T -— d —. 

and iib un F (&), k=e4 , i «vy« 4 


* See Hobson’s paper, "On a type of spherical harmonics of unrestricted 
degree, order, and argument,” Phil. Trans, of the Royal Society of London, A. 


Vol. 187, 1896, p. 580. 
|] Encyklop. dar Math, Wissensch. II—I, p. 838. 
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(2) -K, (cosh WK (cosh nui E, (cosh n a om y) 


edo inf. 


=L gb pq ke toro < ye 
4/8 . 3 


Ql gd "o Pd 
wd 207: F (K), k=e frg << 5 


Proof: 


Proceeding as in (1) we find that the series has the sum 





3 it 





y d$ { - cos 9$ , cos 7h 
Z pee 
Í {2 (cosh y—eosh ¢)}* | p ied" zv uh e 


desi += nto inf. | (i) 


8 


Thé series * within the crooked brackets has the sum L i 4 T when 

em i . V3 
T . T 2r 

0 $t < 3 and zero when z ggo< 3° 

1 Ti dp 


Theref i ls | —] —————————— 
sektore SP va J, {2.(coah yank oH . 


=1 pp (K), kzzel and 0 «rcl. 
4 . IA 8 
^8 A 


5 gees 
When 5 <y< d (1) equals > ir (k), k-es 


T ce en ee ae ee 
lip. (cosh o) 41/4. " 
(3) P_y (cosh o)+ 9 1. (cos o)+ 5778" 5 (cosh o)+ to inf 
* Whittaker and Watson, Modern Analysis, Third Edition, p. 192, Ex. 16. ` 


a, 
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2 l - s A1; = 
N m 2 E (3) «————,_, where cosh ga S 3. 
e 6s x. Tk) ' (34/17 —5)5 : 
. Proof: 
e ~ e 
: Ep NC PNE 
*P a (cosh e)tg r P, (cosh o) tyg r? Ps (cosh e) 4- ... ; 
l twine. r<e” 
l J ee T. 
ux (cosh g—r fep o*COS $3 
" . 
2 1 | dé |. 2 h 
=2 ft ho Bn, ec PP Potting 4220 
m Ja (e—r? (1—#? sin? 0)5 * e" —r 


° 2 . 7 do n 
= . SSS E do ud: 
(Tr *, J .G- k* gin? at 'e 9. ay) j- Mud 





j e 
° l4 417 p. 
l 14.3 c | —l+¥v1 _ 5V717-3 
Pag wa yok = and hencee = g and dis in ae 
and we have 


T 4 
. 


$ 


, P% (cosh oS + A (Coal P obi P, (cosh «)--... 





to inf. 

2 68 J^ VE 
Sa GVIT 5d udu, k= 

7 (8vI7— yes f 2 

` T 
1 

—2, Gre rT*(i) 
Um 





6-(3/17—5)* 2a): 


Ganesh Prasad, I. o., p. 128, Series TX 
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1 




















(4 Q 349* i75 ELON ayy 3 à- i vus Q4 (2) ...to inf. 
e. 
5 É mT 
$ = — = i e . 
CRS 0. 
e. 
Proof : 
* Q , (cosh o) +4 Q, (cosh c) r+... to inf. 
m 2 7 
_ 9K d ` 
m ,'«e6 
Zr 
Putting cosh o=2 and v (=) Lr je 
g 3 1 1 T s 
we have e =24 143 „r= — = - and K = =. 
e7 2443 2 
e a * . 
Therefore, r 
1 1 ; e 
Q0 "uam (2)+... to inf, 
: 2+ 73 5 
EP m 
(2 VET * e 
: 13 1 
(5) Q_,(cosh 2)+ 2.3.0, (cosh 2)4 ES 1 Q (cosh 2)-+...to ink 
a *. . . e 
ix dx ee j ` 
T ^/ 9 sinh 2 2 
Proof : 
Proceeding as in (4) and putting -` ` . 


* Ganesh Prasad, lo., p. 117, Series IIT. 
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i Dee and “Gea Ti- j--0, wo baye- the required eum. e; 


"© Qq(cosh 14 2.5. Qg (cosh + LE L Qyloosh 1) 


+ ...to inf. 


e 
T 


^ (Qeinh 1) 
Proof : 
Proceeding as E and LE EIS ; s 


o=1 and (EX e F =0, we have the PE sum, 
e! —r 


* (7) og 2)Q, (cosh c) ~0, (cosh ot Q, (och )-i Qs (cosh o) 


. EP. * AN E , +...to inf. 





® 
Proof : 
It is known* that 


(—1)* cos node 


dbsh 
a-g ue r sa Cooeh e+ 008 b 


`o Therefore the sum of the séries is equal to ` 1 ve 


e 

7T 

° a Ir qami 
5 [2 (cosh g+ cos 6) poc". 





log sing dé Loos mô = 6 
‚as log2+42 -— z— log bin = 


" ; 
1 
EE Aaa A, 1,m à 
"A RN E NER E HU 
o cosh à sin* 5 PG i 2 n 


* Hobson, l o., p. 624. 
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z pui DES 
a s $ 
ej. ; Jog sim Paes putting O=f¢y.- os :-* 
° A/ cosh* 7 —sin? g 


* MENS . ryan). ‘ T 1 Bl doc i eT : 
] : _ gore = 
= muri. { : M RES A where k? = sech? 2 ) 
pt VII" sini : 2 





1. 1 1 T 
A s = aK’ ge 
c {3 aa ee } 
cosh z ipa des eiim 


(8) og 2Q , (cosh o) +Q, (cosh VIE Qa (cosh o) : 





$e ed arr gd 
41 Q.(cosh c) - ...... to inf. * 
$ $a ACA 
Erud E gt- =x’ }. 
RUE ee 4.4 ° 
2 e 
Proof : a oe i E 


* Proceeding as in (7), the sum of the series is found to be equal to 


x 


2 . 
m log cos $ dà, k^ sboh$ 5 . 


— —— 


e be ain 2d 
uu ^ ^ l1—k* sin *$ó 





= hepa] 7 


(9) Qj (cosh o)+3 Qy (cosh 7) g Qy(cosh e)*.. to inf, 


"E 
ao 


K log sr 
4 cosh 5 


M c 
= h = z 
k=sec 5 
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Proof : 
*Subiract (7) from (8) and the result follows immediately. . 


s t 


*(10) *P j es o) TP (cosh e)* 3 Pa (cosh o) e 


Po Hapeta ink, nET, 


—— / 2 pinho sinhe 
Or a aA ( r tear), 
Proof: - Ji 
Tt is known] that l 


P 4 (cosh o) +5 Pi (cosh e) . r+ Xx 479, (cosh c) 


T sto inf., r<e e. 


otf NOCHE, et 
ws "cosho-—r-Fsinh o cos $ 


Integrating this series with ‘respect to r from r=0 to r=r we got 4 


2t 








SP, (cosh c) +55 3 Pi {cosh e) 4 Pi (cosh e) 
duasnio info. 
. r A är > T ee 
=1 NAT: ra 
xc up — = =) dp [Dr] : 
. . 
gon 2 
=2 fa. 5-i[ dp. D—r 
o o s 
. '  -. (D standing-for cosh o+sinh c cos 4) 


1 Ganesh Prasad, Lc., p. 116, 


* 
* 
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TES d$, Ve Se cay) ; (t. 


. : : Bey ES 
7T M—— 9 Z ETTE sg -—— " - 


z—dÀ9——-: E ae 


-~{ 3 OE A 
4 r$—' 
—-— d, af —r 2 sinh c : 
UT f ‘ Vv. CS er Jo) ein? 0 Mur. $—26) 
o 
= = [ve ( Je sinh o x Vem RUE z»( af 3sinh e EDT )- 


*(11) Q_4(cosh s) rQo o Apacs o)+..,to ink, [rj 1 





* 


k. pe 4r 
hk. +. aga? nji a+ are k=sech 5 . 


Proof : t 





E ^ -97UU 


, It is known f that LOW ve A s 


> Qaa [^ — 1)" cos módó | . 
n- g EU gi d or v 5 
M cosh c + co8, 8) 


ata . 


It is also known-that- — Nn xi 


sd ci. VOD 
IEI con jir l r cos O+r cos 30 -+..,to inf, «1. 


Thereforé;: the gum, of the series in ‘question is easily found tö he 
equal to : , . f . 


s a "3, d6:(1+r coa 6) NN 
o {1+2r cos 0+r*} /2(cosh o+ cos 6) 


-*. e E i ds 2 e 
° AULA shaw ANM 
`o 2 J: ^/9(cosh. c +cos 0) Wow. ra Ni 


£5 





i . dé. 
xf UTILI unam 
} 1+2r cos 6+7 ^/2(cosh o- eos 0) 


: on as ac P m- " E et, - "D 
Sont. f O0 7. 4. Hobson, Lo, p. BA è n) ahaa cote 
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-lf dẹ 1 (l—r*) dé 
"$9 qenahi€S o aafaM 2 (140? 3 in*¢ 37 _ gin? 
A (cosh * 2 — gin* $)? (Lr tnl 41-F5 sin?) Vcosh*g—sin'd 
; (Putting 0:2 4) 


and k=sech2. ° 


Ar 
(1+7)? : 3° 





k (1—7?) ses 
=5 [K+ daa |. where n= 


56-792) Q _y (cosh o)—2rQ j(cosh c) - 2r? Q, (cosh e) — -F...to ibf. im «1 


is 4r 9; E 
m ————— = h = . 
= tars ; AU, n acr and ji sech 5 


Proof : 


o, euh oa f" Ec e mb at 
^ gj-—- Sree ee et 1 
ae PES ^ ^2(cosh o-+cos 6) 








Also 
" 1—7 ; 2 . 
o obir =1+42r cos Ü--2r* cos 20--2r* cos 39+ to infin <l 
Therefore, the reqnired sum is equal to _ o 
.9 E 
"T —r? 
-e fi (1—7*)a6 
b  (l—2r ccs 0-Er*) /2(cosh «+ cos n = 
= (8 0-0 qu SS 
Kaa (3 pre , in! m$) A cosh? Z —sin* d T sin? $ 
(Putting 6=2 ¢) 
7 ™ 
m 1—7? E " 
= Gen . : 


` 
' 
LJ 


*(13) Pa (cosh o)+r Pi (cosh e) -r* Pa (cosh a) Faita inf, ee? 


2 [ K+ = x], l T 
aver . e 


— gn 








the modulus corresponding to K and II, the complete elliptic integrals, - 


‘ 
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and the parameter » correspopding to II nom respectively ES 3 sinhe 


and c2sinhe | "C" 
ee e —r a e 
Proof : . 
It is known f that 
Ww T 
P į (cosh o) 1 f —— I , 
"se {cosh o+sinh e cos $) 


Therefore the series has the sum 





T e - ` 
zf d 3 ini m b (D standing for cosh e -- sinh c eos $) 
o 


ar] sl ees }= af d i QE E 








2 f? 2r t 
x 2 ee 
aver ^ vIe sin?@  m(eT—r) Ver 
x f2———__# __.__ : CES X: nd nate) 
(1+n sin*0) /1—k*sin?0 e e xe 


(Putting 20—4) 





= [x+— — 1] e R 
puer. ec H . 
e. 
x *(19 Py (cosh e)t2rP, (cash e) tor' P, (cosh c) + ...to inf., re ? 
EM e D 
* 9 rn e E k* n 
= ———— [n+ L——À—— í E_ Mtn ak 
° mver (o —7) l (e”—1) Saor is 


|j (spp oe ir 


1 Hobson, le., p. 624. 
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n and k di: Hips same onee i as in (10). 


. Spur: 
Differentiating (13) with respect to r, we have the required sum 
. 2-0 e '! 


EM 














2 T. . dà PE 
"4 (e —r)« eriln sin*0) (1—&* gin*0]? A S 
2r z dó 
aver Ll DU. (es sin? 6)* {1-3 sin*6)* 
2 r n E, ki+n : 
= ee ie euo Filo ek 
av e (e —r) (e —7) 2 1--5)'14- =) n n 
fi e Non 7 1 
t4 p ta. 7 - : K H e € EE 
: mE E d s a 
Qe yg 
ete D aem MOOR 2 X 
(For the second integral see Cayley’s Wlliptic Funciona, p. 133.) 
*(15) P (cosh 2) 42 79. Godh vei 27 m o)+... * 
pore ns Bg RS 7 _- - -to inf, r<e 7 
; TE ° inh 
—2 B. whore ?—1—k?=1— asinhe 
7 (eT rips -Er 
e . z BO Sr ca = 
Proof : : 
" e 
P Ue UE T ap, gape 3 2 £g 
S Pog uf eee. sa 
TO (coh. o+sinh c cos 8r . 
Theroloio the e aeria has: me sum’ . '*.. E "PES d 
l a afk : + 3.5 5 et +...to inf ‘ 
+5. oF TSA -~ pE SS r 


(D'standing for cosh q+pinh o cose) 
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T H " 
° = 2 fä —— B , (patting 9= $) : 
o Fh (^ —r—Qeinh o sint6}? ‘« 3v i 


y EI 
- 


. E -, fs—_*—, (ans P897 ) 
mel —7)5 ^ (1—k*szin*0) —— Ti 


2 (f 
rie? = nt dan t¢ 


o 
1 


ll 


K 2 P P A T E 7 
=—#— | Ent (Soo Módem Analysis, Third Edition, p. 516.) 
me —T)' % : 





e. ud t -— 
2 1 p= 2sinh e k : 
= 7. uda pe o = . 
(o^ —9i p idées Ld - . 
T 1 , A Shae 


4 : ` 


aa 5 8 . 35 - hs . a » " 
* -— — s + 
(16) Q, (cosh 9). rQ, (cosh cot 23 f Suo sg) desto inf. r<e 








, : TO A A Lr 
gm ER T 
(e? — JË k? : 2. ar ` ; a > 
Proof. a E oi ee oo 
It is known t that e 
° di F 
Segen US fen VE RUE 6 Que e$ M 


Therefore proceeding as in (15), we have the sum of the series 





equal to : pte! : S remiss 
* d . s 
i (cosh c—7- sinh e .cogh.6)* EFIE oce TY ^ "ES 
9 R . d 
=2 j — s —. whére0-20  . 
= Z (cosh a—* + sinh o cosh 2£)1 a ^ 


+ Bee Hobson, le yp. 524° © 


€—À 
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* — 


e o (2 sinh e cosh* t-r4e70)i 


d 
= an $e (where cosh t=sec ¢) 
o (2sinho sec? d—r+e 


* e. 


25 (a 
o (sec $)? (e? —7— (e? —7) sin*4]* 


2 f corp dé, n o 











(e? rit f1-4: sin*4]*. - e —. 
K 
^ x 2 f ed? u.du 
docs 


2 ke em 
—————— k = 

(e —7)i wes 
^07)" P, (cosh c) + : 7 P, (cosh a) + , »* P, (cosh o) 


+...to inf, r<e” 


. . 
PIENE. eee [30 i ye- ], pee ell a 
Bx(e% —7)3 x» e —r 
Proof; 
Proceeding as in eh the sum ðf the series 
E dé 
o te lIr—2 sinh e sint0}$ 
fe dé de —2sinh c 
E z(o =t (l—k"sin"0,Ë 1 e” —r 


t See Whittaker and Watson, Modern. Analysis, Third Edition, p. 516. 


2 [ mee su sed de Lf anas] 
(e c x 
o o i 
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‘ 


r xm 


The above integral by means of the reduction formula t 


. (n41) E*[nd*** u du—n(1+h'*) fnd*udu-- (n—1)fnd*-? u du 


. 3-k*nd*-! u. cdussdu=0 


° 
becomes s 


k ^dnt'u 8k) 





af 14h? du K 
a. 








"Therefore the sum of the series is equal to 
2 [i 5l-u3«]o 
(e? — 9t cg ud 


[2.1--'*)E—K X] : 








K Br (7 -p kis 


* (18) Qs (cosh v) +3 r Qg(cosho) + $57 T mQ, (cosh o)... 





. 
e 
to inf, rc e?* 2 
. 2 d 7 
rn [201+ - E) -i^k if P= A 
8 (e? —ry*k ds 
e e 
Proof : ' ° 
e 
Proceeding as in (16) we have the sum of the series equal to 
F v 
z od*udu, k'=5 T", . 
' (e? T e? —r 


But we have the reduction formula f 


+ See the Messenger of Mathematics, Vol. XT, 
‘On Elliptic functions” by J. W. L. Glaisher, pp. 190-193, 


R2 
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(nt 1)k* f od***w- du —2 (lt E*o ) fod*u-du (n1) f od" u’ du 


+ KV’cd™'u sd u nd u=0. 








*This gives —— i 7 
+, -% 2 (LEES) d . 
a f . oãtudu= *. imf? edu du — 24 K 
J -3 3k? 
| (+y [++ 1 K m 
3 P» i 3k , 
s tle 
= gL- D +k )-9- -x] 
Hence the sum of the series is equl. to 
——,— [20 FE*)(K — E) - ^K] 
Ble? —7)3- 1 
*(19) P, (cosh Bf v.P, (cosh c) 4- 79 p Gaia 
$ d M 24^ $ 
EE l $ 
" +...to inf, r<e 7 
g- nA Ə gi 
we pg psy 44) KOE), je ES 
lóz(e? —r jy » e" —r, 
Proof: , ` 7 l Pn ae ] 
Proceeding. as in (14) it is easy to see that n being an odd integer 
( n(n+2) ai 
i) Pg. , (cosh o)+5 GP. (cosh c) + i54 ga (cosh y 
e. - -s 
g Fato inf, r<e 77 


: i . 
= “i ates š p. sme which can 


we —r Helmy 6 —r 
be evaluated by the successive use of the reduction formulat 


so. T  Glaisher, lo., pp. 190-138." 
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K* n 1) f nd***u.du—n(1 ht) f nd wdu-F (n — 1) f nd*7*ud« 
B  E3.nd* 7! u.cdu.sdu —0. 
Nes tess ` 


Putting n=7 in (1) we have the required sum 


LJ * a K 
2 1 j sided ka 2 dub E 
T le -7f e? —y 
. A 
A1+k2) eK 3 








b 245 í TEE QE }_3E 
Srle —7 , Tos [ PEE E 3g: pr 


[ ) "ER 4 


-9 1 
= ——2 [a +09) E-AQ +h) K-9ET. 
Mn" —r Aa 


te(20) : a (cosh o+ "Qi (cosh e) ce pta Qg (cosh e) 


+......t0 infa r<e” 


» 
= 1 i, [8(1+4*)'(K—E) e40 + k*)Kk*—9(K—E)], 
15(e7 —r)fk - 
e 
: where k* = oe "m 
i e^ —r 
Proof : i : . MEE . $ e. i 


Pr8ceeding as in (18) it is easy to see that n being an odd integer 


"» . a - - 
e (i) Qia (cosh o)+5 TQ; (cosh c) + pan Qag, (cosh c) 


: ; 
+ ecto inf, re” 


K r 1 -r _ 
=— a f ui], r= 7, which can be 
(e =r)" ' 





9e —T 
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evaluatéd by the Successive usd of the reduction formula : 
e 0 (n0 f odt tudun +h) foina du (n- 1) J od" "uda 
: t E*cdt7iu adu. ndu=0 


. . 
e 


Putting n—" in (i) we have the required s sum - 





ese pe. 
mS [4884 esas -2.1 ES 
2 "oU 1 K 
tec o 
-2f Py 
l re eg] 


2 
-= —e c 814P (K—B)—A(1-r-&* :— — HB». 
UE pgs [HEC DAE] 


«a DT 





9.7 PP, (cosh e) 


+......t0 inf, r<e 7 


eK 
. T -r yY* A2(1 Fk) 
xe b Is 2 ee D 
e to K is a and k'1—k'*-— SENS . s~ 
VITEK), IL . 


, where the modulus corresponding 





Proof : . ° 


DUM asin (15) the required sum 


_ ifa à zs 8.7.11...4m—1 
T Z z vd 48.19...4m 
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ain ap "NN ce 
Ea (D—r)* Ea (e? —7—2 sinh o sin? 8)* 


o 





(reti uo) 


ve 2 z dé ” 2 shh o 
e se sete aS cies p= 
a(d rji J (1—k? sin *0)* ( de 


; modulus corresponding to K being 


il 


v(e) —r y* vid A/2(14- k') 
. 


1— vi 
i- (Bee Greenhill’s Elliptio Functions, p. 165.) 
A 2(14-k') VEA 





s à P 
*(22) 5. P., (cosh e). s P, (cosh e) + 15 i: 2 Posse) 
* 


+......t0 inf, is easily summed for (eut. 


Proof : 
Multiplying each term of E : 
e 
ipee tow) Ep Geet pe fossis + i ik 
' - 9' i T ` 94 $ I us inti. 


by r and integrating the series with respect to r from r—Ü to r=r we 
_ have the required sum - 

















Now 
a, * " ze 
* rdr Ddr A 
f =f — | VD—r dre 
$ 4D—r 3j VD—r 3 , 
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Therefore the sum 


A 2 : 
== f 3 5 ota f D vD —r dẹ + = er b 
=i fa kasint) (eT —e) qoae = : | E "T. 


o "e 


5. 3 od " 
xfa (1 —htsint0, 35738 
o 4 


e 
T 


3 CEDEN giu*6): 1— k*sin*6)Md6. TU ege. 


0 
^: Í (Pntting $2720) 


2 sinh 
where k? = S and k* = 


t uv gto LK 


2 sinh c 


— C 
dntu-du+ — (e py dn*v;dy 
3m ‘ " : 
9 . 
Fes 


— 3 4 (6% Lour of E ates u) dn*u, Iu 


bd oc 


* 


o 


whore du'u=l—k°sin"ð and dn*o21— A sint e Xem tud 
e s ` 
E E mus l 
=y (e —7)* {UL +k) E(k) kE} 


etas 


* P ond 


9 X 3 NES "s D 
eot enik Eak r) e 
"E 1 F(k) a F si 
— 46% 6 hf {1+ I Etgnsu— (kt 4- k)an*u]du 


u 


whére K*zl—k''and LA =1 -k 
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1—- 4J ` 
where the módulus corresponding to K and E is ——— =l (say). 
00 Y90trF) 
LÀ 
The required sum is, therefore, . ~ 


=? eas pe CERTE fe( (28-5) ) 





.* 


E amaan E 


» ae 
*(25) P Q(conh 2-i rP (cosh o)— = r* P, (cosh e) 
2 - 1 
— c9. rP,(cosh o) —... to inf, ree” 
" * = 5 


"EE 


can be easily summed up. 
- ES ’ 
Proof : 


aEcamioc tha rannirad anm ia easily found to be 
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a ü6T. 
Nos proceeding as sor f 2 3 
(1- » ain*6) 





we find tha£^: : cc 








lr e 
1—k? sin’ td6= * 
E a ? Jy. EL w= B 
| h L yy l4 vë dy 
V -yü*)&-B) ta VE MURDER B 


«mur 





jud 
EDOS 
i t $ z ; 
— ttk IOI a. mm D 
where y= deb yo, t= VIA? sind, /* =1—k?, f 


p 2 
_ OVE Luo BE 
14K” mapa lk ’ 





Now making the substitution ' 


gii wuz f dy. X I Bete, be E 


2 * í A — 
-2 -rt [2 dcba pote c 
9 r c 


o CF 


VK k! a 
M ust HJ SE Us ue 
© Vi+k (l—y)(1+yi(y—f’) 








e . 
° i 


- Jo. cum. rds 
|4Kü-40-58-8) VFA È vig 


ytdy 1 y*dy = 
x | a H 
Eee Sa 





where À? =1—k? and the modulus corresponding to k is l== EH 
p g to, 


A9 E) 


after the method used in (21). 


-—— 7] 3—B- —. 
— - 1-9 t969- Bo. V IB 


* 





and a similar ‘substitution "ED LR HE E ' . 
» > ay a — 
A2, oz. | —— . cA on™ af 3-5 
r V=) (L+ y- - es 
we find that . . 
D Vu te 7 ( ' : 
qe pen ain*6)*d6 A 
o 
B . ‘ 
GL Mp [- an] cann [e (acm LE) 
2 VIFF s 
DEN ; 29/7 li de es ees 
te + 2E al DE |] Go. r 


“ee 
* Greerhill, Elliptio Functions. p. 164. 


1 3 u ` * a 2 
A ` ` P. a 
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ay 72 LHT fer aKa- S MERE 
EE Far aK +2802 Et 
-e or sc ü- pyr (287 ? (aE a IIT igtar))- 


32K. 1 vP 1-k)gp ,2K—92E 


0 JA. 78 JP E M 


+ 2E- aa- BEME 1]. word o sod 


modulus se ce to K and E P baig l as in Mh 


"e x "> 


yt 1 P P 
3*4 (cosh +g: £3 (sah EE E Py o) +.. ‘to dat. 


^ - " " 


ret, * 
*: D. 


=, a funotion expressible in terms of eMiptic functions. ewp cs 


Proof : Qv s Dus ^ 
' Integrating n times with respect to r between zero and r the series 





7 T '(Gósh- DELE T. Pi (Gosh o) 12 iP. (Bosh v) .to aint. «e d 
. 
S "M ; JP ae 

= NU. ae eee , We see that  . etm 

5 “cosh c—r- sinh o.cos d : : 
ed E, UE a oa oe ; 

ati 
Z P 3 e) 


3 e 


Eri ARES 5 DD 


2 pua Pg en ody $3.00 


< 


1.3 gras Py (cost be? to iuf., r<e-F 


23 = 
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TP ase gate el : 
el cp Ves aas ae h L fanan ) H(k,) 


24 21.9" a4 
zk TE} + Seg CO Sree (209) EE) | 


i it FQ) )-g 262] 


zi Qíti li ^ E(k.) 
+... (—1)" TE T. e 3 fano dv ~ 


O*C3S 


.9*5*1 


5 : F(k) 
yp 9*- EE 
38:581) (e —r, ? fin udu] 


.. Where dn*y=1—h,* sin'0, dn*u=1—k* sin*6, 


a e S 


FEES l 4 | 
jio Sinh e ; prz a tinhe , i, =l k,’ and iaa 
8 e —r 


d 
the last two integrals Being evaluated by the | successive use of tii 
` reduction formula * 


*- 
2(n—1Y0 FE) E i 
r dii * v 
fa "u du. 204 T fi» tudu E . . 


$e - i r> A ; fan "n du-+- say Pan Syan i. on u=0. 


. 
* 
Putting n=2 in (i) we have the required sum=® E i 
— . cese cp nii ~ 


=! VPE) q- atom R()-E* F e 
8 (0 | : l : f 
-g 6 bae aR,- P). 


* J. W. L. Glaisher, lo., pp. 190-188. 
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A note on my first paper. | Eoi. wu. Wem l 
RA ETE : Sy ait d 





I take this opportunity to make some-eerreotions and additionsin ° 
ly first paper. 
‘ @ 


e e 
Errata. s 
. 


04. Line 7 from’ the top, read! a [ or | r] fon à or r. 
95. For the sum of the series (6) read in the first term, 


* l(59943:.—1 ) , l4sb/Edxz) ^ 7707 

: 6 2 i l+o , 

| 1554914351 ) i, Leet E 2), 
6 2 J liz 

! 


Ww. 







In the series (18), for K having the same meaning as in (17) 
the modulus corresponding to K, the complete elliptic integral 


he first kind, being sin z 


| Tum 


Additions, 


| 






= (-171 Pong (2) = 2.7 5.7 8.3 " a 
2(n-- 8) Ju 3 





1 l—s (š py15. 9 ) 
ees ar Hd ga eng a 


ooiety, Vol. XXIIT, No 1; pp. 28-44, 


(e AA ; , 
t8 g cree = uet fa i 
è . | P — a f-ra 2+5 x ap z 
> 
an as 2, ; _3(32 =} 1 tan. 





These two series can be obtained by putting a=¢ in Abe; series (7)t 
equating the-real and imaginary parts. , Er 
+4 Loo p. 25. 
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